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Abstract

Equations describing the free small longitudinal and transverse oscillations of a straight elastic beam of rectangular cross section
are obtained using the plane linear theory of elasticity and the method of integrodifferential relations. The initial system of partial
differential equations is reduced to a system of ordinary linear differential equations with constant coefficients. The effect of
the geometrical and elastic characteristics of the beam on the frequency and form of the natural oscillations is investigated. For
longitudinal motions it is shown that different types of natural displacements and internal stresses of the beam exist. For transverse
oscillations, it is found that there are frequency zones corresponding to different forms of the solutions of the characteristic equation
obtained using the proposed model.
© 2007 Elsevier Ltd. All rights reserved.

Among the simplified models proposed for the approximate solutions of boundary-value problems of the mechanics
of a deformed solid, the theory of beams, based on intuitive hypotheses, proposed by Bernoulli at the end of the 17th
century1 occupies an important place. Despite the fact that this theory is applicable to a wide range of problems, it
does not take into account such important mechanical characteristics of elastic structures as the effect of the shear and
anisotropic properties of the material on the stress-strain state. More-accurate formulae, which enable the effect of
Poisson’s ratio to be taken into account, have been proposed both for static problems (a Timoshenko beam2) and for
dynamic problems (the Rayleigh correction3). Below, to derive the equations of the free oscillations of a beam, we use
an approach based on an expansion of the unknown stress and displacement functions in terms of a small parameter
(the ratio of the structural height of the beam to its length).4

1. Formulation of the boundary-value problem of elasticity

We will consider an elastic rectangular plate with dimensions of a × l of unit thickness. We will introduce a Cartesian
system of coordinates Oxy, the origin of which is situated in the middle of one of the sides of the plate of length a,
while the x axis is parallel to the sides of length l. We will confine the analysis of the stress-strain state of an isotropic
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body to the two-dimensional case, described by the system of differential equations of the linear theory of elasticity:5

(1.1)

(1.2)

(1.3)

Assuming that the boundary of the plate is load-free, we will write the boundary conditions in the form

(1.4)

Here �0
x, �0

y and �0
xy are the components of the strain tensor �0, �x, �y and �xy are the components of the stress tensor �,

u and v are the components of the displacement vector u, fx and fy are the components of the vector of the bulk forces
f, nx and ny are the components of the unit vector of the normal to the boundary n, E is the modulus of elasticity, G is
the shear modulus and � is Poisson’s ratio.

We will assume that the body in question may execute small elastic oscillations about the equilibrium position and
the vector f is determined by inertial forces, due to the motion of points of the elastic body:

(1.5)

where � is the volume density of the body.
When the length of the plate is much greater than its width a, its stress-strain state is described by the approximate

equations of the classical theory of beams. The equations of the longitudinal and transverse oscillations of the beam1,2

have the form

(1.6)

where EI (I = a3/12) is the bending stiffness, while S is the area of transverse cross section of the beam.

2. The method of integrodifferential relations

Using the method of integrodifferential relations6–8 the local linear relations (1.1) can be replaced by the integral
equality

(2.1)

Unlike the classical formulation (1.1)–(1.3), in this case the unknown functions are the components of the stress
tensor � and the displacement vector u. To solve the problem of elasticity, we will introduce the equivalent variational
formulation

(2.2)

when relations (1.2)–(1.4) are strictly satisfied.
In order to determine the natural oscillations of the elastic body in question, we use the method of separation of

variables and represent the unknown functions of the components of the stress tensor and the displacement vector in
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the form of infinite series in powers of Y = y
l

(2.3)

where � is the unknown frequency of natural oscillations and � = a/(2l) is a geometrical parameter of the plate.
This choice of the expansion of the unknown functions in powers of Y is made for the following reasons: the

coefficients of corresponding powers of Y have the dimensions of stresses or displacements, and in the case of a narrow
plate (a � l) the expansion is carried out with respect to the small parameter �, since |y| ≤ a

2 . Moreover, the boundary
conditions on the upper and lower parts of the plate, which have the form

(2.4)

are satisfied automatically.
Taking the expansion of the functions of the stresses and displacements (2.3) into account, we will write the function

� (2.1) in the form

(2.5)

where

(2.6)

If integral (2.5) is equal to zero, this means that the functions A	 (	 = 1, 2, 3) are equal to zero in the region occupied
by the plate, everywhere with the exception, possibly, of a set of points of measure zero.6 In this paper we will not
assume that such singular points exist, and we will therefore henceforth assume that, if � = 0, then H	 0(	 = 1, 2, 3)
in the region occupied by the plate. Hence it follows that all the coefficients of powers of Y in relations (2.6) are equal
to zero.

After substituting representations (2.3) for the stresses and displacements into the equilibrium Eq. (1.2), they can
be solved for the displacement functions un(x) and vn(x)

(2.7)

taking expressions (1.5) into account, where 
ij is the Kronecker delta and n = 0, 1, 2,. . ..
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Substituting the displacement functions (2.7) into relations (2.6) and grouping in powers of Y, we obtain the following
representations of the functions H	:

(2.8)

where

(2.9)

Analysing the structure of the coefficients h	n in expressions (2.9), we can distinguish two independent subsystems
of unknown stress functions, one of which corresponds to tension and compression of the plate, while the other
corresponds to bending of the plate. It was pointed out in Ref. 4 that such a decomposition is characteristic for any
power of the approximation of the stress and displacement functions and arises due to the symmetry of the plate about
the x axis. In this case the functions �2n

x , �2n
y , �2n+1

xy , u2n, v2n+1 describe tension and compression, while the functions

�2n+1
x , �2n+1

y , �2n
xy , u2n+1, v2n describe bending of the plate; the coefficients h1,(2n), h2,(2n), h3,(2n+1) correspond to

longitudinal oscillations while the coefficients h1,(2n+1), h2,(2n+1), h3,(2n)(n = 0, 1, 2, . . .) correspond to transverse
oscillations.

In order to obtain an approximate solution of problem (1.2)–(1.4), (2.1), we will consider a finite-dimensional
representation of the stress and displacement functions in (2.3) (n ≤ N, where N is the maximum power of the expansion
in Y). This indicates that the remaining functions (n > N) in (2.3) can be assumed to be equal to zero. Then the number
of non-zero coefficients h	m will also be finite and equal to 3(N + 3) (	 = 1, 2, 3, m = 0, 1, . . ., N + 2), and hence it is not
possible to solve the system of 3(N + 3) ordinary differential equations h	m = 0 for the 3(N + 1) unknown stress functions
�n

x, �n
y, �n

xy. Using the variational formulation (2.2), we can employ different methods of optimization4 to solve this
over-determined system. In this paper we propose an approach in which the equations corresponding to lower powers
of the expansion in Y of the functions H	(	 = 1, 2, 3) are accurately satisfied. The remaining non-zero coefficients h	m

are used to estimate the quality of the approximate solution of the integrodifferential problem (1.2)–(1.4), (2.1).
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3. Longitudinal oscillations of the beam

Using decomposition of the unknown stress functions and applying the approach proposed in the previous section,
we obtain a finite-dimensional system of ordinary differential equations

(3.1)

and boundary conditions

(3.2)

which describe the longitudinal oscillations of the beam. Note that all the stress functions �(2n)
y occur algebraically

in the coefficients h2,(2n) and can be expressed in explicit form from system (3.1) in terms of �(2n)
x , τ(2n−1)

xy and their
derivatives. The first 2N1 + 1 second-order differential equations

(3.3)

after substituting �(2n)
y into them are solved for the 2N1 + 1 unknowns �(2n)

x , τ(2n−1)
xy . The general solution of system

(3.3) obtained, taking boundary conditions (3.2) into account, are used to find the eigenvalues � from the condition
for non-trivial solutions to exist. Henceforth we will call the system of equations (3.3) with boundary conditions (3.2)
the N1-th approximation of the original problem.

Substituting the solution �̃(2n)
y (x), �̃(2n)

x (x), �̃(2n−1)
xy (x) of system (3.3) into (2.5) and bearing in mind the finite-

dimensional representation of the stress and displacement fields, we obtain

(3.4)

The value of the integral �̃N1 can serve as a criterion of the quality of the approximate solution.
As an example, we will consider the zero approximation of the problem of the longitudinal oscillations of a

rectangular plate (N1 = 0). In this case, we only need to take into account the following two equations in system (3.1)

(3.5)

System (3.5) reduces to a single second-order ordinary differential equation in the unknown function �(0)
x

(3.6)
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where

(3.7)

Here �0 is characteristic frequency, defined by the following relation: �2
0 = E/(�a2). The quantity �(0)

y is then found
from the second equation in (3.5)

(3.8)

The boundary conditions are written in the form

(3.9)

Unlike the classical equation of the longitudinal oscillations of a beam (the first equation of (1.6)) in terms of
the displacement function u, relation (3.6) contains the parameter �, which depends non-linearly on the frequency of
natural oscillations �, and also on the parameters of the problem �, a and �2

0. Note that the quantities �2(�) are positive
when � ∈ (0, �1) ∪ (�2, ∞) and negative when � ∈ (�1, �2), where

(3.10)

It can be shown that when �2(�) ≤ 0 there are non-trivial solutions of the eigenvalue problem (3.6), (3.9). When
�2(�) > 0 the solution has the form

(3.11)

The characteristic equation for determining the natural frequencies � can be written as follows:

(3.12)

The two positive roots �+ and �− of Eq. (3.12) are found in explicit form as functions which depend on n ≥ 0

(3.13)

Here the functions �±(n) are monotonically increasing, �−(0) = 0, �+(0) = �2 and the following asymptotic relations
hold for large values of n

In Fig. 1 we show the functions �±(n) (the continuous curves) for the following values of the system parameters:
�0 = 1, � = /10, � = 0.3. The horizontal dashed lines represent the values ω = ω1 = 2

√
2 ≈ 2.828 and � = �2 ≈ 2.965.

The inclined dash-dot line corresponds to the classical beam solution for the same system parameters. The natural
frequencies are found from the above relations for integer n. Their values are presented below for the first ten n:

Note that the form of the behaviour of the function �−(n) for the first few values of n were validated for the first
time by Rayleigh.3
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Fig. 1.

Fig. 2.

The dependence of the ratios of the amplitudes of the eigenfunctions �(0)
y /�(0)

x on the number n of the natural
frequency is shown in Fig. 2. The continuous curve corresponds to the lower branch of the solution �−, while the
dashed curve corresponds to the upper branch �+. The essential feature of the longitudinal oscillations is the fact that,
for the lower branch ω−(n) �(0)

y /�(0)
x ≤ 0, while for the upper branch �(0)

y /�(0)
x ≥ 0. Note also that for given parameters

of the system and n = 9 the maximum values of �(0)
x and �(0)

y are almost equal for both branches of the solution (3.13).

4. Transverse oscillations of a beam

In the same way as for longitudinal motions, using decomposition, we can write the following system of ordinary
differential equations

(4.1)

and boundary conditions

(4.2)

which describe transverse oscillations of a plate. The stress functions �(2n+1)
y are expressed in explicit form from

system (4.1) in terms of �(2n+1)
x , �(2n)

xy and their derivatives. The first 2N2 + 2 second-order differential equations

(4.3)
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after substituting �(2n+1)
y into them are solved for the 2N2 + 2 unknowns �(2n+1)

x , �(2n)
xy . As in the case of longitudinal

oscillations, the general solution of system (4.3), taking boundary conditions (4.2) into account, is used to find the
eigenvalues �.

Substituting the solution �̃(2n+1)
x (x), �̃(2n)

xy (x) of system (4.3) and the corresponding functions �̃(2n+1)
y (x) into func-

tional (2.5), we obtain

(4.4)

The value of the integral �̃N2 serves as a criterion of the quality of the approximate solution of the problem of the
transverse oscillations of a plate.

When N2 = 0 (the zero approximation) the system of Eq. (4.3) has the form

(4.5)

where

Expressing, for example, the function �(0)
xy from system (4.5) in explicit form

(4.6)

we obtain the following fourth-order differential equation for finding �(1)
x

(4.7)

Note that when � = �3 and � = √
6�3 the denominator in the expression for A vanishes. These cases must be

considered separately.
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Fig. 3.

Taking expression (4.6) into account, we will write the boundary conditions for Eq. (4.7) in the form

(4.8)

The roots �i(�) (i = 1, 2, 3, 4) of the biquadratic characteristic equation for (4.7) are found analytically:

(4.9)

It can be seen that for all � > 0, two pure imaginary complex-conjugate roots exist.
Consider the following frequency bands

In the first and third bands the two remaining roots take real values, while in the second and fourth bands they take
pure imaginary values. Consequently, the general solution of Eq. (4.7) for the frequencies of the first and third bands
has the form

(4.10)

while for the second and fourth bands

(4.11)

The eigenvalues � are found from the condition for non-trivial solutions (4.10) and (4.11) to exist when boundary
conditions (4.8) are satisfied.

The relation between the roots �i of the characteristic equation and the frequency � is shown in Fig. 3 for the
dimensionless values �0 = 1, a = 1 and � = 0.3. The dependence of the frequency � on the absolute values of the pure
imaginary roots �i is represented by the continuous curves, while the dependence on the real values is represented
by the dash-dot curves. The horizontal dashed straight lines correspond to the critical values � = �n (n = 3, 4, 5). The
double curve corresponds to the classical solution of the problem of natural flexural oscillations (the second equation
of (1.6)) for the same values of the parameters.

Below we give the numerical values of the first 20 natural frequencies of free transverse oscillations of a rectangular
plate if length l = 10:
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Fig. 4.

The first 12 frequencies correspond to solution (4.10) (the first band), while the remaining frequencies correspond
to solution (4.11) (the second band). For the chosen parameters �3 ≈ 1.75. It can be seen that the number of natural
frequencies, corresponding to solution (4.10), is finite and increases as the parameter � decreases.

In Fig. 4 the continuous curve represents the dependence of the first natural frequencies on the frequency number n.
The dashed curve corresponds to the frequencies of transverse oscillations, obtained using the classical model of the
beam, described by the second equation of (1.6) for the same system parameters. Note the quadratic increase in the
classical eigenvalues as n increases, whereas the frequencies obtained using the method of integrodifferential relations
depend on n almost linearly and differ considerably from the classical values even for small n numbers.

The natural forms of displacements u(x, a/2) and v(x, 0), obtained using relations (2.7), for different values of �(n)
with the chosen parameters of the problem, are shown in Fig. 5 (� < �3). The functions of the bending of the centre
line of the plate v(x, 0), corresponding to the natural stresses �(1)

x , determined in solution (4.10) with c1 = 1 for n = 1
and n = 12, are represented by the continuous curves in Fig. 5. The curve with a single maximum corresponds to the
case n = 1, while the curves with multiple extrema correspond to n = 12. The dashed curves represent the horizontal
displacements of the upper boundary of the beam u(x, a/2) for different n. For n = 1 the form of the natural oscillations
is determined by pure bending (there are practically no shear deformations), whereas as n increases shear begins to
have a considerable effect on the form of the natural oscillations. Thus, for n = 12 the function u(x, a/2) is positive
everywhere.

When the parameter � is reduced the difference between the first natural frequencies, obtained by the method of
integrodifferential relations (�) and by the classical approach (�c) decreases. Below we present numerical values of
the first 6 frequencies � and �c for the following parameters of the problem: �0 = 1, a = 1, l = 100 and � = 0.3:

Fig. 5.
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